5 [1] We study the influence of buoyancy and spatial heterogeneity on the spreading of the 6 saturation front of a displacing fluid during injection into a porous medium saturated 7 with another, immiscible fluid. To do so we use a stochastic modeling framework. We 8 derive an effective large-scale flow equation for the saturation of the displacing fluid that 9 is characterized by six nonlocal flux terms, four that resemble dispersive type terms and 10 two that have the appearance of advection terms. From the effective large-scale flow 11 equation we derive measures for the spreading of the saturation front. A series of 12 full two-phase numerical solutions are conducted to complement the analytical 13 developments. We find that the interplay between density and heterogeneity leads to an 14 enhancement of the front spreading on one hand and to a renormalization of the evolution 15 of the mean front position compared with an equivalent homogeneous medium. The 16 quantification of these phenomena plays an important role in several applications, 17 including, for example, carbon sequestration and enhanced oil recovery. 
problem is governed by a single dimensionless parameter, 132 homogeneous medium. Thus, the (mean) front positions 133 obtained from the solutions of the homogeneous and het-134 erogeneous media are identical. 135 [9] On the other hand, when one includes buoyancy effects, 136 a second dimensionless number is necessary to describe the 137 system, namely, the gravity number. The gravity number 138 physically reflects the ratio of buoyancy to viscous forces. 139 The buoyancy number (defined formally and discussed 140 further in section 2) is directly proportional to the perme-141 ability of the porous medium. Therefore when the perme-142 ability field is heterogeneous in space, so too is the buoyancy 143 number. This means that while the viscosity ratio is insen-144 sitive to heterogeneity, the gravity number can potentially 145 vary over orders of magnitude depending on how variable 146 the permeability field is. This raises another important 147 and potentially problematic question: as this system is so 148 inherently nonlinear, does the arithmetic mean (or for that 149 matter any other mean) of the gravity number provide a 150 good representative measure of the behavior of the hetero-151 geneous system? 152 [10] In fact, as the buoyancy number varies in space, in a 153 manner directly proportional to the spatial variations in 154 permeability one might anticipate a local contribution to the 155 dispersion front spreading effect beyond the nonlocal con-156 tribution that arises from fluctuations in the velocity field. In 157 this paper we aim to answer the following questions regarding 158 buoyancy influenced multiphase immiscible displacement in 159 a heterogeneous medium. 160 [11] 1. Can we, using perturbation theory, asses the rate of 161 front spreading that occurs? 162 [12] 2. What measures of the heterogeneous field (e.g., 163 variance, correlation length) control this spreading? Also, 164 why and how do they? 165 [13] 3. What influence does the heterogeneity in gravity 166 number have? And does the arithmetic mean of the gravity 167 number represent a mean behavior in the heterogeneous 168 system considering that the problems considered here are 169 highly nonlinear? 
175 where q ( j) (x, t) and p j (x, t) are specific discharge and 176 pressure of fluid j, m j and r j are viscosity and density of fluid 177 j, k(x) is the intrinsic permeability of the porous medium, 178 k rj [S j (x, t)] is the relative permeability of phase j (which 179 depends on saturation). The 1 direction of the coordinate 180 system is aligned with negative gravity acceleration as 181 expressed by e 1 , which denotes the unit vector in the 1 182 direction. Mass conservation for each fluid is given by [e.g., 183 Bear, 1988] 
198
where Dr = r d − r i . We set w = 1 for simplicity (which is 199 equivalent to rescaling time). The fractional flow function 200 f (S) and modified fractional flow function g(S) are defined by
201
where the viscosity ratio M is defined by
227 [18] We define the dimensionless coordinates, time and 228 total flow by
229 where l is a characteristic length scale such as the length of 230 the domain and the advection scale t Q is defined by t Q = 231 l/Q. In the following l will be set equal to the correlation 232 scale of the permeability field k(x). The governing equation 233 reads in nondimensional terms as
234 where we disregard the capillary diffusion term, conform 235 with the Buckley-Leverett approximation. We define the 236 (dimensionless) gravity number N by 
249 where S h is the homogeneous saturation. The solution of this 250 problem is governed by two dimensionless quantities, 251 namely, the viscosity ratio M and the gravity number N. 252 Both these numbers determine the form of the solution of (11). 253 Equation (11) can be solved using the method of char-254 acteristics [e.g., Marle, 1981] . The velocity of the char-255 acteristics of constant saturation are given by the derivatives 256 of the total fractional flow function (S):
Owing to the hyperbolic nature of equation (11) the 258 solution has a sharp front that travels with the front velocity 259 Q f . It can be written in the scaling form
260 where H(x) is the Heaviside step function. The front position 261 is given by x f (t) = Q f t. The front velocity is
where the front saturation S h f can be determined by the
263
Welge tangent method [e.g., Marle, 1981] , which states that
264
This implies together with (14) that the front velocity is
265
given by Q f = (S h f )/S h f .
266
[22] The form of the rear saturation S r is obtained by the 267 method of characteristics. As outlined above, the charac-
268
teristic velocities behind the front are given by d (S h r )/dS h r .
269
As isosaturation points travel with constant velocity, the 270 characteristic velocity at a given point x 1 and time t is
271
The rear saturation is obtained by inverting this relation. buoyancy. This is illustrated in Figure 2 for a gravity number 296 of N = 5.
297
[25] In order to illustrate the influence of the dimension- 
326 The derivatives of saturation for the profiles in Figure 2 327 (bottom) are shown in Figure 3 . Here the delta function at 328 the front is clearly illustrated. 
Stability of the Solution

330
[27] The solution of (11) 
where
342
Solutions with flow velocities q total will be stable if We employ a stochastic modeling approach in order 358 to quantify the impact of medium heterogeneity on the 359 saturation front of the displacing fluid. The spatial vari-360 ability of the intrinsic permeability k(x) is modeled as a 361 stationary correlated stochastic process in space. Its constant 362 mean value is kðxÞ = k, where the overbar denotes the 363 ensemble average. We decompose the permeability into its 364 mean and (normalized) fluctuations about it,
365 Their correlation function of the permeability fluctuations is
The variance and correlation length are defined by
367 For simplicity, we assume the permeability is statistically 368 isotropic. The gravity number (10) is a linear function of 369 permeability. Using the decomposition (21), it is given by
370 where the mean gravity number is given by
371
[32] We consider injection of the displacing fluid at an 372 injection plane perpendicular to the one direction of the 373 coordinate system. The boundary flux in dimensionless 374 notation is equal to Q = 1. The spatial randomness is 375 mapped onto the phase discharges and thus on the total 376 discharge via the Darcy equations (1), which renders the 377 total discharge a spatial random field as well. Due to the 378 boundary conditions the (dimensionless) mean flow velocity 379 is Qðx; tÞ = e 1 . Thus, we can decompose the total flux into 380 its (constant) mean value and fluctuations about it:
381 [33] Note that q′(x, t) in principle depends on saturation. 382 However, since it is driven by a constant boundary flux, it is 383 a reasonable approach to consider the total flow velocity as 384 independent of saturation. In particular, it is worth noting 385 that this is a good assumption away from the front position. 386 This is no longer valid close to the front [e.g., Neuweiler 387 et al., 2003]. Thus, strictly speaking, the velocity fluctua-388 tions cannot be considered stationary and thus the velocity 389 correlation function is given by
The cross correlation between the velocity and permeability 391 fluctuations are accordingly Neuman, 1998 ], which consists of (1) separating the satura- 
412
[36] Following (24) and (26), we also decompose the sat-413 uration into its ensemble mean and fluctuations about it:
414
Assuming that the saturation variance is small we can 415 expand the the fractional flow function f(S) and g(S) as by the agreement with numerical simulations in section 6.
426
The results of this work discussed in section 6 also justify 427 this approximation.
428
[38] Using decompositions (24), (26) and (29) as well as
429
(30) in (9), the local-scale equation for the saturation S(x, t) 430 is given by
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431 Averaging the latter over the ensemble gives
432 Subtracting (32) from (31), we obtain an equation for the 433 saturation fluctuations. However, this system of equations is 434 not closed with respect to the average saturation. In order to 435 close it we disregard terms which are quadratic in the 436 fluctuations, obtaining
437 This is then solved using the associated Green function, i.e.,
438 where G(x, t|x′, t′) solves
439 for the initial condition G(x, t|x′, t′) = d(x − x′), zero 440 boundary conditions at x 1 = 0 and x 1 = ∞ and zero normal 441 derivative at the horizontal boundaries. Inserting (34) into (32), 442 we obtain a nonlinear upscaled equation for the ensemble 443 averaged saturation
444 where the advection kernel A(x, t|x′, t′) is defined by influence on the derivative of the saturation, given by
where L is the horizontal extension of the flow domain.
484
Recall that fluid is injected over the whole medium cross 
499 describes the width of the saturation front. The growth of the 500 width of the saturation front is characterized by an apparent 501 dispersion, which we define as half the temporal rate of 502 change of the second centered moment as
503 Equations for the moments (39) and thus for D a (t) are derived 504 in Appendix B by invoking first-order perturbation theory. 505 [46] We identify three contributions to D a (t), i.e., for dimensionless times t ) 1 
548
The variance and correlation length of the velocity fluc- 
570 for x 1 < Q f t. The constants a f and a g are the respective slopes 571 of
. These are given by calculating the satu-572 ration at the front S h f from condition (15) and substituting it 573 into the respective expression for
for the 574 specific form of relative permeability chosen. A quick study 575 of these functions reveals that in general they do not vary 576 linearly. However, as they appear inside of an integral it 577 may provide a reasonable approximation for quadrature 578 purposes. The numbers a f and a g are obtained by simple 579 interpolation between the derivatives of f(S h ) and g(S h ) at 580 the front and at the injection point. Note that a f is positive 581 while a g can be positive or negative. The quality of this 582 approximation (50) is discussed Appendix C. 583 [52] Furthermore we assume that the variances and cor-584 relation length in (46) and (48) are constant, which is a 585 reasonable assumption away from the front [e.g., Neuweiler 586 et al., 2003]. Using these approximations and the fact that 587 S h is given by (13), that is S h r is zero for x 1 ≥ Q f t, D A (t), is 588 given by this contribution is independent of the correlation length
614
(a result which we test with numerical simulations in section 6).
615
[56] The linearity with the correlation length of the con- while the other terms can be related to effective contribu-627 tions to the gravity term.
628
[57] The contribution that is linear in time in (51) 
647
[59] For each set of parameters 100 random permeability 648 fields were generated using a random generator, which is 649 based on a Fourier transform method. Spatially isotropic 650 permeability fields were generated with a Gaussian distri-651 bution, characterized by a relative variance of s kk 2 and a 652 correlation length of l kk . All simulations were performed 653 using square functions as relative permeability functions, i.e.,
654
[60] Figure 1 shows three sample saturation fields from 655 single realizations using this methodology. The first corre-656 sponds to the case where there is no density difference 657 between the two phases, the second where the injected phase 658 is denser and the third where the injected phase is less dense 659 than the displaced one. Figure 1 clearly illustrates the stabi-660 lizing and destabilizing effect that buoyancy has on spreading 661 by heterogeneity. 662 [61] Figure 4 shows the temporal evolution of average 663 saturation profiles (averaged over 100 realizations in each 664 case) for three different cases, clearly displaying the dis-665 persive effect that occurs due to heterogeneity. All cases in 666 Figure 4 are stable. However, the influence of buoyancy is 667 evident. The case in the middle where the injected phase is 668 very dense leads to much less spreading than the other two 669 cases. As the system becomes less stabilizing the spreading 670 effect becomes more pronounced. In this work we do not 671 present the results of unstable simulations as it is well 672 known that a perturbation approach such as the one devel-673 oped here cannot capture unstable effects [e.g., Bolster et al., 
717
The fact that the disagreement in the slopes is larger than 718 in the intercepts suggests that this measure is more sensitive 719 to the perturbation approximations used here. theory and simulations can be attributed to the fact that the Figure 5 . Illustration of the temporal derivative of the second centered moment for homogeneous (red solid line) and heterogeneous (blue dashed line) fields. The difference between these two represents the additional effect of heterogeneity, which is drawn in Figure 6 . For equal densities the difference between these two lines asymptotes to a constant representing the dispersion coefficient. [78] The Green function for a homogeneous medium 891 satisfies the equation
892
for the initial condition G 0 (x 1 , t′|x′ 1 , t′,) = d(x 1 − x′ 1 ).
893
Analyzing the homogeneous problem (11) using the method 897 at x 1 at time t. The fact the characteristic velocity for a given 898 saturation is constant, means that the saturation at a given 899 point was transported there by a constant velocity, which is 900 given by
901 This simplifies (A1) to
902 The latter can be solved by the method of characteristics and gives 
912 Approximating S(x, t) by the homogeneous solution S h (x 1 /t), 913 given in (13), and using the Green function (A5) results in
where s(x, t) in this approximation only depends on this, the dispersion kernels are given by
924
where we define the correlation function as 
For dimensionless times t ) 1, we approximate the latter by 
Similarly, we observe that D e (t), (B11), can be written in the 947 unified form
where the functional M e ({}, {C}, {}, t) is defined by M e f g; C f g; ' f g; t ð Þ ¼ À
949
[83] Using the same steps that lead to (B16), we obtain M e f g; C f g; ' f g; t ð Þ ¼ À
950
As above, we approximate the latter for times t ) 1 by M e f g; C f g; ' f g; t ð Þ ¼ À
951
Appendix C: Integral Approximations
952
[84] The approximation (50) considerably reduces the 953 complexity of this problem. To illustrate that this approxi-954 mation works well we consider the following integrals: 
